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ABSTRACT 

A l i n e a r  d r i f t  i n  f r e q u e n c y  i s  an i m p o r t a n t  e lement  i n  most 
s t o c h a s t i c  models of o s c i  L l a t o r  p e r f  urinance. Quar t z  c r y s t a l  
o s c i l l a t o r s  o f t e n  have d r i f t s  i n  e x c e s s  of a p a r t  i n  t e n  t o  
t h e  t e n t h  powcr p e r  day. Even commercial  ce s i i~ rn  beatn d e v i c e s  
o f t e n  show d r i f t s  of a few p a r t s  i n  t e n  t o  t h e  t h i r t e e n t h  p e r  
y e a r .  There  a r e  many ways t o  e s t i m a t e  t h e  d r i f t  r a t e s  from 
d a t a  samples  ( e . g . ,  r e g r e s s  t h e  phase  on a  q u a d r a t i c ;  r e g r e s s  
t h e  f r equency  on a l i n e a r ;  compute t h e  s i m p l e  mean of t h e  
f i r s t  d i f f e r e n c e  of f r e q u e n c y ;  u s e  Kalman f i l t e r s  w i t h  a 
d r i f t  t e rm as one e lement  i n  t h e  s t a t e  v e c t o r ;  and o t h e r s ) .  
A l though  most of t h e s e  e s t i m a t o r s  are u n h i a s e d ,  t h e y  v a r y  i n  
e f f i c i e n c y  ( i . e . ,  c o n f i d e n c e  i n t e r v a l s ) .  F u r t h e r ,  t h e  est i -  
ma t ion  of c o n f i d e n c e  in t e rva1 . s  u s i n g  t h e  s t a n d a r d  a n a l y s i s  
of  v a r i a n c e  ( t y p i c a l l y  a s s o c i a t e d  w i t h  t h e  s p e c i f i c  e s t i m a -  
t i o n  t e c h n i q u e )  can g i v e  amaz ing ly  o p t i m i s t i c  r e s u l t s .  The 
s o u r c e  of t h e s e  problems i s  no t  an  e r r o r  i n ,  s a y ,  t h e  r e -  
g r e s s i o n s  t e c h n i q u e s ,  b u t  r a t h e r  t h e  problems a r i s e  from 
c o r r e l a t i o n s  w i t h i n  t h e  residuals . That  i s ,  t h e  o s c i  l l a t o r  
model is o f t e n  no t  c o n s i s t e n t  w i t h  c o n s t r a i n t s  on t h e  analy- 
sis  t e c h n i q u e  o r ,  i n  o t h e r  words ,  some s p e c i f i c  a n a l y s i s  - 
t echn- lques  a r e  o f t e n  i n a p p r o p r i a t e  f o r  the t a s k  at hand. 

The a p p r o p r i a t e n e s s  of a s p e c i f i c  a n a l y s i s  t e c h n i q u e  i s  c r i t -  
i c a l l y  dependent  on t h e  o s c i l l a t o r  model and can  o f t e n  he 
checked w i t h  a  sirnp1.e " w h i t e n e s s "  t e s t  on t h e  r e s i d u a l s .  
F o l l o w i n g  a  b r i e f  r ev iew of l i n e a r  r e g r e s s i o n  t e c h n i q u e s ,  
t h e  pape r  p r o v i d e s  g u i d e l i n e s  f o r  d p p r o p r i a t e  d r i f t  e s t ima-  
t i o n  f o r  v a r i o u s  o s c i l l a t o r  models ,  i n c l u d i n g  e s t i m a t i o n  of 
r e a l i s  t i c  c o n f i d e n c e  i n t e r v a l s  for t h e  d r i f t  . 

I. INTRODUCTION 

Almost a l l  o s c i l l a t o r s  d i s p l a y  a s u p e r p o s i t  i o n  of random and d e t e r m i n i s t i c  
variations i n  f r equency  and phase .  The most t y p i c a l .  model u sed  i s [ l l :  

X(t) = a + b a t  + Dr*t2/2 + $ ( t )  (1) 

where X ( t )  i s  t h e  t ime ( p h a s e )  e r r o r  of t h e  o s c i l L a t o r  ( o r  c l o c k )  r e l a t - i  -e t o  
some s t a n d a r d ;  a ,  b, and Dr a r e  c o n s t a n t s  f o r  t h e  p a r t i c u l a r  c l o c k ;  and ,(t) i s  
the  random p a r t .  X ( t )  i s  a  raildoin v a r i a b l e  by v i r t u e  of i t s  dependence  on $ ( t ) .  



s i g n i f i c a n t  a u t o c o r r e l a t i o n s  w i t h i n  t h e  random p a r t s  of t h e  model. These cor-  
r e l a t i o n s  a l l o w  f o r e c a s t s  which can s i g n i f i c a n t l y  reduce c lock  e r r o r s .  E r r o r s  
i n  each element of t h e  model (Eq. 1) c o n t r i b u t e  t h e i r  own u n c e r t a i n t i e s  t o  t h e  
p r e d i c t i o n .  These t ime u n c e r t a i n t i e s  depend on t h e  d u r a t i o n  of t h e  f o r e c a s t  
I n t e r v a l ,  T ,  as shorn  below i n  Table  1: 

TABLE 1. GROWTH OF TIME ERRORS 

MODEL ELEMENT CLOCK 
NAME PARAMETER 

RMS TIME 
ERROR 

I n i t i a l  Time E r r o r  a Constant  

I n i t i a l  Freq E r r o r  b - 'C 

Frequency D r i f t  D r  T 2 

Random V a r i a t i o n s  $ ( t )  _ $/2* 

*The growth of t ime u n c e r t a i n t i e s  due t o  t h e  random component, $ ( t ) ,  
can have v a r i o u s  t ime dependencies .  The th ree -ha lves  power-law 
shown here  is  a "worst case"  model. [ 2 ]  

One of t h e  most s i g n i f i c a n t  p o i n t s  provided by Table  1 i s  t h a t  e v e n t u a l l y ,  t h e  
l i n e a r  d r i f t  term i n  t h e  model over-powers a l l  o t h e r  u n c e r t a i n t i e s  f o r  s u f f i -  
c i e n t l y  long f o r e c a s t  i n t e r v a l s !  While one can c e r t a i n l y  measure ( i . e . ,  e s t i -  
mate)  the d r i f t  c o e f f i c i e n t  , D r  , and make c o r r e c t i o n s ,  t h e r e  must always remain 
some u n c e r t a i n t y  i n  t h e  va lue  used. That i s ,  t h e  e f f e c t  of a d r i f t  c o r r e c t i o n  
based on a measurement of D r ,  i s  t o  reduce ( h o p e f u l l y ! )  t h e  magnitude of t h e  
d r i f t  e r r o r ,  but  not  remove i t .  Thus, even w i t h  d r i f t  c o r r e c t i o n s ,  t h e  d r i f t  
t e rm e v e n t u a l l y  dominates a l l  t ime u n c e r t a i n t i e s  i n  t h e  model. 

A s  w i t h  any random p r o c e s s ,  one wants not  on ly  t h e  p o i n t  e s t i m a t e  of a para- 
m e t e r ,  but  one a l s o  wants t h e  conf idence  i n t e r v a l .  For example, one might be 
happy t o  know that a p a r t i c u l a r  v a l u e  (e.g., c lock  t ime e r r o r )  can be e s t i m a t e d  
w i t h o u t  b i a s ,  he may s t i l l  want t o  know how l a r g e  an e r r o r  range he should 
expec t .  C l e a r l y ,  an e r r o r  i n  t h e  d r i f t  e s t i m a t e  ( s e e  Eq. 1) l e a d s  d i r e c t l y  t o  
a t ime e r r o r  and hence t h e  d r i f t  conf idence i n t e r v a l  l e a d s  d i r e c t l y  t o  a ccrnfi- 
dence i n t e r v a l  f o r  t h e  f o r e c a s t  time. 

11. LEAST SQUARES IEGRESSION OF PHASE ON A QUADRATIC 

A conven t iona l  l e a s t  squares  r e g r e s s i o n  of o s c i l l a t o r  phase d a t a  on a q u a d r a t i c  
f u n c t i o n  r e v e a l s  a g r e a t  d e a l  about t h e  g e n e r a l  problems. A s l i g h t  modifica- 
t i o n  of Eq. 1 p rov ides  a conven t iona l  model used i n  r e g r e s s i o n  a n a l y s i s [ 3 ]  : 



- . . 

where c = Dr/2. I n  r e g r e s s i o n  a n a l y s i s ,  i t  i s  customary t o  u s e  t he  symbol "Y" 
a s  t h e  dependent v a r i a b l e  and "X" a s  t h e  independent  v a r i a b l e .  Th i s  i s  i n  con- 
f l i c t  wi th  usage i n  t ime and f requency where "X" and "Y" ( t i m e  e r r o r  and f r e -  
quency e r r o r ,  r e s p e c t i v e l y )  a r e  dependent on a  c o a r s e  measure of t ime ,  t ,  t h e  
independent  v a r i a b l e .  Th i s  paper w i l l  f o l l o w  t h e  t ime and f requency  custom even 
though t h i s  may cause  some confus ion  i n  t h e  use of r e g r e s s i o n  a n a l y s i s  t e x t  books. 

The model g iven  by Eq. 2 i s  complete i f  t h e  random component, +(t), IS a w h i t e  
n o i s e  ( i . e . ,  random, u n c o r r e l a t e d ,  normal ly  d i s t r i b u t e d ,  z e r o  mean, and f i n i t e  
v a r i a n c e ) .  

11. EXAMPLE 

One must emphasize he re  t h a t  ALL r e s u l t s  r e g a r d i n g  parameter  e r r o r  magnitudes 
and t h e i r  d i s t r i b u t i o n s  a r e  t o t a l l y  dependent on t h e  adequacy of t h e  model. A 
pr imary source  of e r r o r s  is  o f t e n  a u t o c o r r e l a t i o n  of t h e  r e s i d u a l s  ( c o n t r a r y  t o  
t h e  e x p l i c i t  model assumpt ions  ) . While s imple  v i s u a l  i n s p e c t  i o n  of the resi- 
d u a l s  is of t e n  s u f f i c i e n t  t o  r e c o g n i z e  t h e  a u t o c o r r e l a t  i o n  problem, "whi teness  
t e s t s "  can be more o b j e c t i v e  and p r e c i s e .  

T h i s  s e c t i o n  a n a l y z e s  a s e t  of 94  h o u r l y  v a l u e s  of t h e  t ime d i f f e r e n c e  between 
two o s c i l l a t o r s .  F i g u r e  1  i s  a p l o t  of t h e  time d i f f e r ence  (measured i n  micro- 
seconds )  between t h e  two o s c i l l a t o r s .  The g e n e r a l  curve  of t h e  d a t a  a long  w i t h  
t h e  g e n e r a l  e x p e c t a t i o n  of f r equency  d r i f t  i n  c r y s t a l  o s c i l l a t o r s  l e a d s  one t o  
t r y  the q u a d r a t i c  behavior  (Model #/I; models 112 and #3 d i s c u s s e d  below). While 
i t  is not  common t o  f i n d  w h i t e  phase n o i s e  on o s c i l l a t o r s  a t  l e v e l s  i n d i c a t e d  on 
t h e  p l o t ,  t h a t  assumpt ion w i l l  be made t e m p o r a r i l y .  The r e s u l t s  of t h e  r e g r e s -  
s i o n  a r e  summarized i n  a c o n v e n t i o n a l  A n a l y s i s  of Var iance ,  Table  2. 

TABLE 2.  ANALYSIS OF VARIANCE QUADRATIC FIT TO PHASE 
( U n i t s  : seconds  s q u a r e d )  

SOURCE SUM OF SQUARES d . f .  - MEAN SQUARE 

Regress ion  2.32E-9 3 

R e s i d u a l s  4.26E-12 9 1 4.68E-14 

T o t a l  2.3293-9 94 2.48E-11 

C o e f f i c i e n t  of s imple  d e t e r m i n a t i o n  0.99713 

Paramete r s  : 

A 

a = 1.10795E-5 ( seconds )  t - r a t i o  = 161.98 

= 1.4034E-10 ( s e c / s e c )  t - r a t i o  = 152.02 

I\ 

c  = -3.7534E-16 ( s e c / s e c 2 )  t - r a t i o  = -143.51 





- 

A 

D r  = 2;  = -7.507E-16 (abou t  -6.5E-11 per  day) 
Std .  E r r o r  = 0.05231E-16 

(Note: i s  t h e  va lue  e s t i m a t e d  f o r  t h e  a-parameter ,  e t c . )  

The Ana lys i s  of Var iance ,  Table 2 ,  above s u g g e s t s  an impress ive  f i t  of t h e  d a t a  
t o  a  q u a d r a t i c  f u n c t i o n ,  wi th  99.71% of t h e  v a r i a t i o n 2  i n  t h e  d a t a  "exp la ined"  
by t h e  r e g r e s s i o n .  The es t imated  d r i f t  c o e f f i c i e n t ,  D r ,  is -7.507E-16 ( s e c / s e c 2 )  
o r  about -6.5E-11 per day --- 143 t imes t h e  i n d i c a t e d  s t a n d a r d  e r r o r  of t h e  
e s t i m a t e .  However, F igure  2 ,  a  p l o t  of t h e  r e s i d u a l s ,  r e v e a l s  s i g n i f i c a n t  auto- 
c o r r e l a t i o n s  even v i s u a l l y  and wi thou t  s e n s i t i v e  t e s t s .  (The a u t o c o r r e l a t i o n s  
can be recognized by t h e  e s s e n t i a l l y  smooth v a r i a t i o n s  i n  t h e  p l o t .  See Fig.  5 
a s  an example of a more n e a r l y  whi te  d a t a  s e t . )  It is t r u e  t h a t  t h e  r e g r e s s i o n  
reduced t h e  ~ e a k - t o - p e a k  d e v i a t i o n s  from about 18 microseconds t o  l e s s  than one 
microsecond. It i s  a l s o  t r u e  t h a t  t h e  d r i f t  r a t e  is an unbiased e s t i m a t e  of t h e  
a c t u a l  d r i f t  r a t e ,  but t h e  model assumptions a r e  NOT c o n s i s t e n t  w i t h  the auto-  
c o r r e l a t i o n  v i s i b l e  i n  F ig .  2. T h i s  means t h a t  the conf tdence i n t e r v a l s  f o r  t h e  
parameters  a r e  not  r e l i a b l e .  I n  f a c t ,  t h e  a n a l y s i s  t o  fo l low w i l l  show j u s t  how 
ex t remely  o p t i m i s t i c  t h e s e  i n t e r v a l s  r e a l l y  a r e .  

A t  t h i s  po in t  we can cons ider  a t  l e a s t  two o t h e r  s imple  a n a l y s i s  schemes which 
might provide more r e a l i s t i c  e s t i m a t e s  of t h e  d r i f t  r a t e  and i t s  v a r i a n c e .  Each 
of t h e  two a n a l y s i s  schemes has i t s  own i m p l i c i t  model; they  a r e :  

( 2 )  Regress  t h e  bea t  f requency on a s t r a i g h t  l i n e .  
(Model: L i n e a r  f requency d r i f t  and w h i t e  FM.) 

( 3 )  Remove a  s imple  average from t h e  second d i f f e r e n c e  of the phase.  
(Model: L inear  f requency d r i f t  and random walk FM. ) 

- 
Cont inuing w i t h  scheme 2 ,  above, t h e  (average)  f requency ,  Y ( t ) ,  i s  t h e  f i r s t  
d i f f e r e n c e  of t he  phase d a t a  d i v i d e d  by t h e  t ime i n t e r v a l  hetwecn s u c c e s s i v e  
d a t a  p o i n t s .  The r e g r e s s i o n  model i s :  

- 
Y ( t )  = b + D r g t  + ~ ( t )  (3 )  

where ~ ( t )  = [ $ ( t  + -ro) - +(t )]/T~. Following s t a n d a r d  r e g r e s s i o n  procedures  as 
b e f o r e ,  t h e  r e s u l t s  a r e  summarized i n  a n o t h e r  Ana lys i s  of Var iance T a b l e ,  Table 
3. 

TASLE 3 .  ANALYSIS OF VARIANCE LINEAR FIT TO FREQUENCY 
( U n i t s  : sec21sec2)  

SOURCE SUM OF SQUAWS d.  f  - MEAN SQUARE 

Regress ion  1.8793-18 2 

R e s i d u a l s  2.0843-20 9 1  2.293-22 

T o t a l  1.899E-18 93 2.042E-20 

(Note: Taking t h e  f i r s t  d i f f e r e n c e s  of t h e  o r i g i n a l  d a t a  s e t  reduces  the 
number of d a t a  p o i n t s  from 94 t o  93.)  
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- 

C o e f f i c i e n t  of s i m p l e  d e t e r m i n a t i o n  0.9605 

P a r a m e t e r s  : 

= 1.049E-10 ( s e c l s e c )  t - r a t i o  = 3.32 

A 

D r  = -7.635E-15 ( s e c / s e c * )  t - r a t i o  = -4.70 
S t d .  E r r o r  = 0.1624B-16 ( s e c / s e c 2 )  

, While t h e  d r i f t  r a t e  e s t i m a t e s  f o r  t h e  two r e g r e s s i o n s  a r e  comparable  i n  v a l u e  
(-7.507E-lh a n d  -7.635E-16), t h e  s t a n d a r d  e r r o r s  of t h e  d r i f t  e s t i m a t e s  have 
gone from 0.0523-16 t o  0.162E-16 ( a  f a c t o r  of 3 ) .  The  l i n e a r  r e g r e s s i o n "  coef- 
f i c i e n t  of s imp le  d e t e r m i n a t i o n  is  96.05% compared t o  99.17% f o r  t h e  q u a d r a t i c  
f i t .  F i g u r e  3 shows t h e  r e s i d u a l s  from t h e  l i n e a r  f i t  and t h e y  appea r  more 
n e a r l y  w h i t e .  A cumulative pe r iodogram[4]  i s  a more o b j e c t i v e  t e s t  of wh i t e -  
n e s s ,  however. The per iodogram,  F ig .  4 ,  does  n o t  f i n d  t h e  r e s i d u a l s  a c c e p t a b l e  
a t  a l l .  

IV. DRIFT AND RANDOM WALK FM 

I n  t h e  absence  of n o i s e ,  t h e  second d i f f e r e n c e  of t h e  phase  would be a c o n s t a n t ,  
~ r - ~ o * .  I f  one assumes t h a t  t h e  second d i f f e r e n c e  of t h e  n o i s e  p a r t  is w h i t e ,  
t h e n  one h a s  t h e  c l a s s i c  problem of e s t i m a t i n g  a c o n s t a n t  ( t h e  d r i f t  t e r m ) ,  i n  
t h e  p r e s e n c e  of w h i t e  n o i s e  ( t h e  second d i f f e r e n c e  of  t h e  phase  n o i s e ) .  O f  
c o u r s e ,  t h e  optimum e s t i m a t e  of t h e  d r i f t  term i s  j u s t  t h e  s i m p l e  mean of t h e  
s c c o r ~ d  d i f f e r e n c e  d i v i d e d  by ro2. The r e s u l t s  a r e  summarized below, Tab le  4:  

TABLE 4. SIMPLE MEAN OF SECOND DIFFERENCE PHASE 

Simple wan r = -6.709E-16 t - r a t i o  = -2.45 

Degrees  of Freedom = 91 

A 

S t a n d a r d  D e v i a t i o n  s = 26.24053-16 

S t a n d a r d  D e v i a t i o n  of t h e  Mean = 2.73583-16 

F i g u r e  5 shows t h e  second d i f f e r e n c e  of t h e  phase  a f t e r  t h e  mean was s u b t r a c t e d .  
V i s u a l l y ,  t h e  d a t a  a p p e a r  r e a s o n a b l y  w h i t e ,  and t h e  per iodogram,  Fig.  6 ,  cannot 
r e j e c t  t h e  n u l l  h y p o t h e s i s  of w h i t e n e s s .  Now t h e  s t a n d a r d  e r r o r  of t h e  d r i f t  
t e r m  i s  2,735E-16, 52  times l a r g e r  t h a n  t h a t  computed f o r  t h e  q u a d r a t i c  f i t !  
I n d e e d ,  t h e  e s t i m a t e d  d r i f t  t e rm i s  o n l y  2.45 times i t s  s t a n d a r d  e r r o r .  

V. SUMMARY OF TESTS 

The a n a l y s e s  r e p o r t e d  above were a l l  per formed on a  s i n g l e  d a t a  se t ,  I n  o r d e r  
t o  v e r i f y  any c o n c l u s i o n s ,  a l l  t h r e e  a n a l y s e s  used  above  were performed a t o t a l  
of f o u r  t i m e s  on f o u r  d i f f e r e n t  d a t a  s e t s  from t h e  same p a i r  of o s c i l l a t o r s .  
T a b l e  5 summarizes t h e  r e s u l r s  : 











TABLE 5. SUMMARY OF DRIFT ESTIMATES 
( U n i t s  of l .E-16 s e c / s e c 2 )  

ESTIMATION 
PROCEDURE 
& MODEL 

Quad F i t  
(White PM 
and D r i f t )  

DRIFT 
ESTIMATE 

COMPUTED PASS 
STANDARD WHITENESS 

ERROR TESTS? 

1st D i f f e r e n c e  -7.635 
L i n e a r  F i t  
(White FM -8.558 
and D r i f t )  

-6.443 

-6.710 
Second D i f f e r e n c e  
Less Mean -7.462 
(Random Walk 
FM and D r i f t )  -6.870 

Yes 

No 

Yes 

-6.412 3.543 Yes 

One can c a l c u l a t e  t h e  sample means and v a r i a n c e s  of t h e  d r i f t  e s t i m a t e s  f o r  each  
of t h e  t h r e e  procedures  l i s t e d  i n  Table  5,  and compare t h e s e  " e x t e r n a l "  e s t i m a t e s  
w i t h  t h o s e  v a l u e s  l i s t e d  i n  t h e  t a b l e  under "Computed Standard E r r o r , "  t h e  
" i n t e r n a l "  e s t i m a t e s .  O f  course  t h e  sample s i z e  is  smal l  and w e  do not expec t  
h i g h  p r e c i s i o n  i n  t h e  r e s u l t s ,  but  some conc lus ions  can be drawn. The compari- 
s o n s  a r e  shown i n  Table  6.  

It is c l e a r  t h a t  t h e  q u a d r a t i c  f i t  t o  t h e  d a t a  d i s p l a y s  a ve ry  o p t i m i s t i c  i n t e r -  
n a l  e s t i m a t e  f o r  t h e  s t a n d a r d  d e v i a t i o n  of t h e  d r i f t  r a t e .  Other  conc lus ions  
a r e  no t  so c l e a r  cut, but s t i l l  some t h i n g s  can be s a i d .  Cons ider ing  Table  5 ,  
t h e  "2nd D i f f  - Mean" r e s i d u a l s  passed t h e  whi teness  t e s t  three t imes  ou t  of 
four .  The e x t e r n a l  e s t i m a t e  of t h e  d r i f t  s t a n d a r d  d e v i a t i o n  l i e s  between t h e  
i n t e r n a l  e s t i m a t e s  based on the f i r s t  and second d i f f e r e n c e s .  S i n c e  t h e  o s c i l -  
l a t o r s  under t e s t  were c r y s t a l  o s c i l l a t o r s ,  one e x p e c t s  f l i c k e r  FM t o  be p r e s e n t  
a t  some l e v e l .  One also e x p e c t s  t h e  f l i c k e r  FM behavior  t o  l i e  between whi te  FM 
and random walk FM, Th is  may be t h e  e x p l a n a t i o n  of the observed s t a n d a r d  devia-  
t i o n s ,  noted i n  Table  6 ,  



INTERNAL ESTIMATE 
(RMS Computed Std.  
Dev. Col. # 3 ,  
Table  5 )  

TABLE 6. STANDARD DEVIATIONS 

EXTERNAL ESTIMATE 
(S td .  Dev. of D r i f t  
Estimates from Col. 
#2, Table 5 )  

PROCEDURE 
(Mode 1 ) 

Quad F i t  (White PM) 

1st Diff  - Lin 
(White FM) 

2nd D i f f  - Mean 
(Rand Wlk FM) 

VL. DISCUSSION 

I n  a l l  t h r e e  of the  a n a l y s i s  procedtires used above ,  more parameters  than  j u s t  
t h e  f requency d r i f t  r a t e  were e s t i m a t e d .  Indeed ,  t h i s  is  g e n e r a l l y  t h e  case .  
The e s t i m a t e d  parameters  inc luded  t h e  d r i f t  r a t e ,  t h e  v a r i a n c e  of t h e  random 
( w h i t e )  n o i s e  component, and o t h e r  pa ramete r s  a p p r o p r i a t e  t o  t h e  s p e c i f i c  model 
( e . g . ,  t h e  i n i t i a l  f requency o f f s e t  f o r  t h e  f i r s t  two models) .  I f  t h e s e  o t h e r  
pa ramete r s  could be known p r e c i s e l y  by some o t h e r  means, then methods e x i s t  t o  
e x p l o i t  t h i s  knowledge and g e t  even b e t t e r  e s t i m a t e s  of t h e  d r i f t  rate. The 
r e a l  problems, however, seem t o  r e q u i r e  t h e  e s t i m a t e  of s e v e r a l  pa ramete r s  i n  
a d d i t i o n  t o  t h e  d r i f t  r a t e ,  and it is  no t  a p p r o p r i a t e  t o  j u s t  i g n o r e  unknown 
model parameters .  

To t h i s  p o i n t ,  we have cons ide red  on ly  t h r e e ,  r a t h e r  i d e a l  o s c i l l a t o r  models, 
and seldom does one encoun te r  such s i m p l i c i t y .  T y p i c a l  models f o r  commercial 
ces ium beam f requency  s t a n d a r d s  i n c l u d e  whi te  FM, random walks FM, and f requency  
d r i f t .  U n f o r t u n a t e l y ,  none of t h e  t h r e e  e s t i m a t i o n  r o u t i n e s  d i s c u s s e d  above a r e  
a p p r o p r i a t e  t o  such a  model. Th i s  problem has  been s o l v e d  i n  some of the r e c e n t  
work of Jones  and ~ r ~ o n [ ~ ]  * [ 6 j .  T h e i r  e s t i m a t i o n  r o u t i n e s  a r e  based on Kalman 
F i l t e r s  and maximum l i k e l i h o o d  e s t i m a t o r s  and t h e s e  methods a r e  a p p r o p r i a t e  f o r  
t h e  more complex models. For d e t a i l s ,  t h e  r e a d e r  i s  r e f e r r e d  t o  t h e  works of 
Jones  and Tryon. 

S t i l l  l e f t  u n t r e a t e d  a r e  t h e  models which, i n  a d d i t i o n  t o  d r i f t  and o t h e r  n o i s e s ,  
i n c o r p o r a t e  f l i c k e r  n o i s e s ,  e i t h e r  i n  PM o r  'FM o r  both.  I n  p r i n c i p l e ,  t h e  
methods of Jones  and Tryon could be a p p l i e d  t o  Kalman F i l t e r s  which i n c o r p o r a t e  
e m p i r i c a l  f l i c k e r  models [ ' I .  To t h e  a u t h o r ' s  knowledfi , however, no such analy-  
ses have been r e p o r t e d .  

V I I .  CONCLUSIONS 

There  a r e  two primary c o t ~ c l u s i o n s  t o  be drawn: 

( I )  The e s t i m a t i o n  of t h e  l i n e a r  f requency d r i f t  r a t e s  of o s c i l l a t o r s  
and t h e  i n c l u s i o n  of r e a l i s t i c  confidence i n t e r v a l s  f o r  t h e s e  
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es t ima te s  a r e  c r i t i c a l l y  dependent on t h e  adequacy of t he  model 
used and, hence t h e  adequacy of the  a n a l y s i s  procedures.  

( 2 )  The es t ima t ion  of the d r i f t  r a t e  must he c a r r i e d  along with the  
e s t ima t ion  of any and a l l  o t h e r  model parameters which a r e  not  
known p r e c i s e l y  from o the r  cons ide ra t i ons  ( e . g . ,  i n i t i a l  f r e -  
quency and time o f f s e t s ,  phase no i se  types ,  e t c . )  

More and more, s c i e n t i s t s  and engineers  r equ i r e  c locks which can be r e l i e d  on t o  
main ta in  accuracy r e l a t i v e  t o  some master c lock,  Not only i s  it important t o  
know tha t  on t he  average the clock runs wel l ,  but i t  is e s s e n t i a l  t o  have some 
measure of t i m e  imprecis ion a s  t he  clock ages. For example, t he  uncer ta in t . i es  
might be expressed as, say , ,  90% c e r t a i n  t h a t  the  clock w i l l  be w i th in  5 micro- 
seconds of t he  master two weeks a f t e r  synchronizat ion.  Such measures a r e  what 
s t a t i s t i c i a n s  c a l l  " i n t e r v a l  e s t ima te s "  ( i n  c o n t r a s t  t o  point  e s t ima te s )  and 
t h e i r  e s t ima t ions  r equ i r e  i n t e r v a l  e s t ima te s  of t h e  c lock ' s  model parameters.  
C l e a r l y ,  the parameter e s t ima t ion  r o u t i n e s  must be r e l i a b l e  and based on sound 
measurement p r a c t i c e s .  Some inapprop r i a t e  e s t ima t ion  r o u t i n e s  can be appl ied  
t o  c locks and o s c i l l a t o r s  and give dangerously o p t i m i s t i c  f o r e c a s t s  of 
performance. 



K E G M S S L V N  ANALYSIS 
( E q u a l l y  Spaced  Da ta )  

We begin  w i t h  t h e  con t inuous  model equation: 

We assume t h a t  t h e  data is  i n  t h e  form of d i s c r e t e  r e a d i n g s  of t h e  dependent 
v a r i a b l e  X(t) at t h e  r e g u l a r  i n t e r v a l s  g i v e n  by: 

Equation ( A l )  c a n  then be w r i t t e n  i n  the  obvious form: 

Next. w e  d e f i n e  t h e  m a t r i c e s :  



where four quantities must be calculated from t h e  d a t a :  

Define 

With these definitions, Eq. A3 can be rewritten in the matrix form: 

X = N T B  + E - --- - (A4  

and the coefficients, B, which minimize the squared errors are g iven  by: 

The advantage of evenly spaced data for these regressions is that, with a bit of 
algebra, the matrix, ( fi )-I, can be written down in closed form: 

where 

D = 12 (2N + 1) ( 8 N  + 11) / [ (N + I )  ( N  + 2 ) ]  



and 

A l s o ,  the  i n v e r s e  of T i s  j u s t :  

The complete s o l u t i o n  f o r  the  r e g r e s s  i o n  parameters  can be summarized as f o l l o w s  : 

There  are f o u r  q u a n t i t i e s  which must ca lcula te  f rom t h e  data:  

f o r  n = 1, 2 ,  3 ,  .. . , N. Rased on these  f o u r  q u a n t i t i e s ,  the  regress ion  param- 
e t e r s  are c a l c u l a t e d  from t h e  seven f o l l o w i n g  e ~ u a t i o n s :  

A 2 b = ( B  S, + -ro D S,,  + -ro E snnx> / ( G  T ~ )  

h 2 2 
c = (C Sx + To E Snx + To F Snnx> / (G To ) 



wher'e t he  c o e f f i c i e n t s  A ,  B, C ,  e tc . ,  a r e  g iven  by: 

A = 3 [3N ( N  + 1) + 21 

I3 = -18 (2N + 1) 

C = 30 

D = 12 (2N + 1) (8N + 11) / [ ( N  + 1) (N + 211 

E = -180 / (N + 2) 
I 

F = 180 / [ (N + 1) (N + 2 ) ]  

and 

I n  matrix form, the e r r o r  variance f o r  f o r e c a s t  values is: 

h 

where Nk' = [ l  no no] and r ,  no is  the d a t e  fo r  t h e  f o r e c a s t  p o i n t ,  Xk. That 
i s ,  no = N  + K and K is  the number of lags p a s t  the l a s t  da t a  point  at l a g  N. 





and 

The r e s t r i c t i o n s  on these equations are that the data i s  evenly spaced begin- 
ning with n = 1 t o  n = N ,  and no missing values.  For error estimates (and the i r  
d i s t r ibut ions )  t o  be va l id ,  the residuals  must be random, uncorrelated, ( i . e . ,  
whi te ) .  
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QUESTIONS AND ANSWERS 

MR. ALLAN: 

We have found the second difference drift estimator to be useful for 
the random walk J?M process. One has to be careful when you apply it, 
because if you use overlapping second differences, for example, i,f 
you have a cesium beam, and you have white noise FM out to several 
days and then random walk FM beyond that point, and you are making 
hourly or 2 hour measurements, if you use the mean of the second 
differences, you can show that all the middle terms cancel, and in 
fact you are looking at the frequency at the beginning of the run and 
the frequency at the end of the run to compute the frequency drift and 
that's very poor. 

DR. BARNES: 

My comment would be: There again t h e  problem is in the model, and not 
in the arithmatic. The models applied here  were 3 very simple models, 
very simple, simpler than you will run into in life. It was pure random 
walk plus a drift or pure frequency noise plus a drift, or pure random 
walk of frequency noise plus a drift and it did not approach at all any 
of the noise complex models where you would have both white frequency and 
random walk frequency and a drift. That's got to be handled separately, 
I'm not even totally sure how to perform it in all cases at this point. 

MR. McCASKILL: 

I would like to know if you would comment on the value of the sample time 
and the reason why, of course, is t h a t  the mean second difference does 
depend on the sample time? Fox instance, if you wanted to estimate the 
aging rate or change in linear change of frequency, what value of sample 
time would you use in order to make that correction, So, really, the 
question is, how does the sample time enter into your calculations? 

DR. BARNES: 

At least I will try to answer in part. I don't know in all cases, I'm 
sure, but  if you have a complex noise process where you have at short 
term different noise behavior than in long term, it may benefit you to 
take a longer sampling time and effectively not look at the short term, 
and then one of the simple models might apply. I honestly haven't 
looked in great detail at how to choose the sample time. It is an 
interesting question. 



m. M c  CASKILL r 

Well ,  l e t  me go f u r t h e r ,  because  we had t h e  b e n e f i t  of h e i ~ g  o u t  st 
NBS and t a l k i n g  w i t h  D r .  Al.lan e a r l i e r  and he sugges ted  t h a t  we u s e  
t h e  mean second d i f f e r e n c e ,  and t h e  only problem i s  i,f we want t o  
c a l c u l a t e  o r  c o r r e c t  f o r  our  a g i n g  r a t e  a t  a t a u  o f  f i v e  days o r  t e n  
days ,  and you c a l c u l a t e  the  mean second d i f f e r e n c e ,  you come up  w i t h  
e x a c t l y  t h e  Al lan Var iance.  Khat. appears  is t h a t  i n  o r d e r  t o  come up 
w i t h  t h e  number f o r  t he  a g i n g  r a t e ,  v o u  h a v e  to calcul-ate  t h e  m e a n  

o f  longer  t h a n ,  l e t ' s  s a y ,  t en  days  sample t ime .  So we u s e ,  of c o u r s e ,  
t h e  r e g r e s s i o n  model, h u t  w e  u s e  on t h e  o r d e r  of two o r  t-hree weeks i n  
o r d e r  t o  calculate an  ag ing  r a t e  c o r r e c t i o n  f o r ,  s a y ,  something l i k e  t h e  
rubidium i n  t h e  NAVSTAR 3 ::lock. It: l o o k s  l i k e  i n  o rde r  t o  come up 
w i t h  a  v a l i d  v a l u e  f o r  t he  hilari  Variance c)f f i v e  o r  t e n  day  sample 
t i m e  you have t o  c a l c u l a t e  t h e  ag ing  r a t e  a t  a l o n g e r ,  maybe two o r  
t h r e e  t imes  l o n g e r  sample time.. 

DR. BARNES: 

Dave Al lan ,  do you t h i n k  you can answer t h a t ?  

MR. ALLAN: 

Not t o  go i n t o  d e t a i l s ,  b u t  i f  vuu assume t h a t  i n  t h e  l o n g e r  term you 
have random walk f requency modulat ion a s  t h e  predominant n o i s c  p r o c e s s  
i n  a c l o c k ,  which seems t o  be t r u e  f o r  rubidium, Le<Yium ana hvdrogen, 
you can do a v e r y  s i m p l e  t h i n g .  You can  take t h e  I u l l  da t a  1 e r i g t h  
and t a k e  t h e  t ime  a t  t h e  beg inn ing ,  the time in thti ::Addle arld the 
t ime  i n  t h e  end and c o n s t r u c t  a second d i f f e r e n c e ,  and t h a t ' s  your  

I There  i s  s t i l l  t h e  i s s u e  o f  the coniidc:nccl. L ~ C e r v a l  cn t hae .  I f  you 
r e a l l y  want t o  v e r i f y  your c .o~?f idence  ! .r~~e;'val, ynu  have t o  have enough 
d a t a  t o  do a r e g r e s s i o n .  You need frough d a t a  t o  test t o  be sure rhe 
model i s  good. 

DR. W I N K E R :  

That argument i s  f o u r t e e n  veaxs o l d ,  because  we h a v e  bee?; c r i t i s e d  
h e r e .  I s t i l l  b e l i e v e  t h a t  Lor a p r a c t i c a l  case where you depend an 
measurements which a re  contaminafed and maybe ever- contaminateci h v  

advan tages  t h a t  you have o u t l i r l e d  may tint be as i ~ ~ p c ! r t a n t  as  t hc  
b e n e f i t s  which you g e t  when you make a l e a s t  square  r e g r e s s i o n .  Jn  
t h i s  c a s e  you can immediately i d e n t l f y  rhe wrong d a t a ,  Otherwise ,  if 
you p u t  t h e  d a t a  i n t o  an a l g o r i t h m  you may n o t  knov how much your d a t a  
i s  contaminated.  So f o r  p r a c t i c a l  a p p l i c a t i o n s ,  t h e  f i r s t  model even 
though t h e o r e t i c a l l y  it i s  poor ,  i t  s t i l l  ~ i v e s  r e a s o n a b l e  e s t i m a t e s  

v a l u e s  immediately.  I 



DR. BARNES: 

I think that's true and you may have different reasons to do regression 
analysis, if your purpose is to measure a drift and understand the 
confidence intervals, then I think what has been presented is reasonable, 
if you have as your purpose to look--to see if there are indications of 
funny behavior in a curve that has such strong curvature or drift that 
you can't get it on graph paper without doing that, I think it is a very 
reasonable thing to do. I think looking at the data is one of the 
healthiest things any analyst can do. 




